Abstract: We analyze the transverse momentum (p T ) spectra of identified particles (π ± , K ± , p, andp) produced in gold-gold (Au-Au) and lead-lead (Pb-Pb) collisions over a √ s N N (center-of-mass energy per nucleon pair) range from 14.5 GeV [one of the Relativistic Heavy Ion Collider (RHIC) energies] to 2.76 TeV [one of the Large Hadron Collider (LHC) energies]. For the spectra with a narrow p T range, an improved Tsallis distribution which is in fact the Tsallis distribution with radial flow is used. For the spectra with a wide p T range, a superposition of the improved Tsallis distribution and an inverse power-law is used. Both the extracted kinetic freeze-out temperature (T 0 ) and radial flow velocity (β T ) increase with the increase of √ s N N , which indicates a higher excitation and larger expansion of the interesting system at the LHC. Both the values of T 0 and β T in central collisions are slightly larger than those in peripheral collisions, and they are independent of isospin and slightly dependent on mass.
Introduction
Transverse momentum (p T ) spectra of identified particles produced in proton-proton, proton-nucleus, and nucleus-nucleus collisions at high energies are important quantities measured in experiments. In particular, gold-gold (Au-Au) collisions at the Relativistic Heavy Ion Collider (RHIC) and lead-lead (Pb-Pb) collisions at the Large Hadron Collider (LHC) and other high energy nucleus-nucleus collisions have been providing us excellent chances to study the signals and features of quarkgluon plasma (QGP), the properties of multi-particle production, and the characteristics of the interesting system. In the study of p T spectra, we can obtain some useful information which contains, but is not limited to, the effective temperatures (T ) when the interacting system emit different particles, chemical freeze-out temperature (T ch ) based on particle ratios, kinetic freeze-out temperature (T 0 ), and transverse or radial flow velocity (β T ).
On the extraction of T , one can use different functions or distribution laws such as the standard (Boltzmann, Fermi-Dirac, or Bose-Einstein) distribution [1] [2] [3] [4] , the Tsallis distribution [4] [5] [6] [7] [8] [9] [10] , and others. On the extraction of T ch , one can use the particle ratios due to different normalization constants for different identified particle spectra in a given p T range. On the extractions of T 0 and β T , one can use the distributions which contains simultaneously T 0 and β T such as the blast-wave model [11, 12] and an improved Tsallis distribution (the Tsallis distribution with radial flow) [13, 14] , as well as an alternative method which is used in our recent works [15] [16] [17] and partly used in the previous literature [11, [18] [19] [20] .
The blast-wave model [11, 12] is a traditional and current method which has wide applications. This model makes the simple assumption that particles are locally thermalized in a hard-sphere uniform density source at a kinetic freeze-out temperature and are moving with a common collective transverse radial flow velocity field. The improved Tsallis distribution is a new method which is suggested by Sahoo and his colleagues [13, 14] and has a few applications. This model is based on the Tsallis distribution and introduces radial flow in it. Thus, the temperature parameter in the improved Tsallis distribution is the kinetic freeze-out temperature T 0 . We are curious to use the improved Tsallis distribution in the present work to obtain some distinctive conclusions. The alternative method is partly a new one, in which the extraction of T 0 has some applications [11, [18] [19] [20] . In the alternative method, T 0 is regarded as the intercept in the linear relation between T and m 0 , and β T is regarded as the slope in the linear relation between p T and m , where m 0 , m , and p T denote the rest mass, mean moving mass, and mean p T , respectively.
We are interested in the consistency and differences of the three methods in their results. In fact, their differences are larger than their consistency. The blast-wave model [11, 12] and the improved Tsallis distribution [13, 14] have their assumptions and pictures respectively. The alternative method itself is independent of mod-els, though its result T 0 depends on T which depends on distribution laws of p T , and its result β T is independent of distributions due to the same p T and m for given experimental spectra. Generally, the Tsallis distribution results in lower T and T 0 than the standard distribution. Also, the blast-wave model [11, 12] and the improved Tsallis distribution [13, 14] result in lower T 0 than the alternative method when using the standard distribution. Different distributions are in fact different 'thermometers' or 'thermometric scales' and 'speedometers'.
In this paper, we shall use the improved Tsallis distribution [13, 14] to fit p T spectra of identified particles (π ± , K ± , p, andp) produced in Au-Au collisions at the RHIC and Pb-Pb collisions at the LHC. The center-ofmass energy per nucleon pair, √ s N N , considered by us is from 14.5 GeV to 2.76 TeV. After fitting the experimental data measured by the STAR [21, 22] , PHENIX [20, [23] [24] [25] [26] [27] [28] , and ALICE Collaborations [29] , we analyze the tendency of parameters. The rest part of this paper is structured as follows. A brief description of the formalism is presented in section 2. Results on comparisons with experimental data and discussion are given in section 3. Finally, we summarize our main observations and conclusions in section 4.
The formalism
High energy collisions are a complex process in which many emission sources are formed. The sources with the same excitation degree may form a local equilibrium state which can be described by the standard distribution. For different equilibrium states which have different excitation degrees, different temperature parameters may be used. Generally, a two-or three-component standard distribution can describe the p T spectrum in a not too wide p T range, which reflects the temperature fluctuation of the interacting system. At the same time, a two-or three-component standard distribution can be described by the Tsallis distribution with the parameters which contains mainly T and the entropy index q.
The Tsallis distribution, i.e. the p T distribution in the Tsallis statistics, has more than one forms. In a recent work [10] , five forms of Tsallis and related distributions are collected. We have the Tsallis distribution at mid-rapidity (y ≈ 0) as follows
where C 1 is the normalization constant which results in ∞ 0 f 1 (p T )dp T = 1, m T = p 2 T + m 2 0 is the transverse mass, and m 0 is the rest mass. The chemical potential is not included in Eq. (1) due to its small effect on the p T distribution. Other four Tsallis-related distributions at mid-rapidity are
and
where C 2,3,4,5 denote the different normalized constants which result respectively in ∞ 0 f 2,3,4,5 (p T )dp T = 1 for different distribution forms which are rearranged comparing with ref. [10] . Although we have used the same symbols, the values of T (or q) in Eqs. (1)-(5) are different from each other.
The above Tsallis-related distributions can be used to describe the p T spectra of particles produced in soft excitation process which occurs between gluons and/or sea quarks and contributes to a not too wide p T range. Because of their similarity, one of them is enough for the description of soft process. From the similarity and self-consistency to the standard distribution, Eqs. (1) and (3) are the favorable choices. However, the values of T obtained from the Tsallis-related distributions are only effective temperatures which contain the contributions of thermal motion and flow effect together. To disentangle the thermal motion and flow effect, an alternative method can be used in the case of analyzing p T spectra of identified particles.
Fortunately, Sahoo and his colleagues [13, 14] have introduced the radial flow velocity to the Tsallis distribution Eq. (1). According to ref. [13] , to include the radial flow in a relativistic scenario, the Tsallis distribution function has been expanded in a Taylor series in view of (q − 1) being very small. The normalized functional form of the distribution up to first order in (q − 1) is given by
where C 0 is the normalized constant which results in
, and I n (s) and K n (r) are the modified Bessel functions of the first and second kinds, respectively. We call Eq. (6) the improved Tsallis distribution, which is in fact the Tsallis distribution with radial flow, in which there are three free parameters involved namely T 0 , q, and β T .
In most cases, the p T spectra are given in a wide p T range. The improved Tsallis distribution, Eq. (6), is not enough to give a good description. That is, the contribution of the hard scattering process which occurs between valence quarks has to be considered. We can use the inverse power-law
to describe the contribution of the hard scattering process, where p 0 and n are free parameters, and A is the normalized constant which depends on p 0 and n and results in ∞ 0 f H (p T )dp T = 1. Eq. (7) results from the QCD (quantum chromodynamics) calculus [30] [31] [32] . To describe the p T spectra in a wide p T range, we can use a superposition of the improved Tsallis distribution which describes the contribution of the soft excitation process and the inverse power-law which describes the contribution of the hard scattering process
where k denotes the contribution ratio (relative contribution or fraction) of the improved Tsallis distribution and results naturally in ∞ 0 f 0 (p T )dp T = 1. It should be noted that the above formalism describes the soft component using the Tsallis distribution taking into account flow in an approximate manner. For the hard component, only the power-law distribution is used. We do not need to modify the distribution for the hard component when taking into account the flow due to the hard component being contributed from hard scattering in the early stages of the collision when the flow is not yet appearing. Comparatively, the soft component is contributed from the soft excitation in the middle and later stages of the collision when the flow is already appearing. Although both the soft and hard components are power-law distributions and they have a similar mathematical form before taking into account the flow for the soft component, the definitive final descriptions of the two components have different forms.
3 Results and discussion Figure 1 presents the transverse momentum spectra,
0-5% and (c) 70-80% Au-Au collisions at √ s N N = 14.5 GeV, where N EV on the vertical axis denotes the number of events, which means the mentioned quantity
] per event and is usually omitted in most cases, and N denotes the number of particles. The symbols represent the experimental data of the STAR Collaboration measured in the rapidity range |y| < 0.1 [21] . The solid curves are our results calculated by using the improved Tsallis distribution [13, 14] . The values of free parameters T 0 , q, and β T , normalization constant N 0 which is used to fit the data, and χ 2 per degree of freedom (χ 2 /dof) are listed in Table 1 . One can see that the improved Tsallis distribution describes the p T spectra of identified particles produced in central (0-5%) and peripheral (70-80%) Au-Au collisions at √ s N N = 14.5 GeV. Figure 2 is the same as Figure 1 , but it shows the spectra, (2πp T )
GeV. The experimental data of the STAR Collaboration are taken from ref. [22] . One can see that the improved Tsallis distribution describes the p T spectra of identified particles produced in central (0-5%) and peripheral (70-80%) Au-Au collisions at √ s N N = 62.4 GeV.
In Figure 3 , the transverse momentum spectra of (a)- represent the experimental data of the PHENIX Collaboration measured in the pseudorapidity range |η| < 0.35 [23, 24] and scaled by different amounts shown in the panels. The solid, dotted, and dashed curves are our results calculated by using the improved Tsallis distribution [13, 14] , the inverse power-law [30] [31] [32] , and their superposition, respectively. The values of free parameters T 0 , q, β T , k, p 0 , and n, normalization constant N 0 , and χ 2 /dof are listed in Table 2 . One can see that in most cases the superposition of the improved Tsallis distribution and the inverse power-law describes the p T spectra of identified particles produced in central (0-5%) and peripheral (60-92%) Au-Au collisions at √ s N N = 130 GeV.
The situation of Figure 4 is the same as Figure 3 , but it shows the spectra for (a)-(c) π + , K + , and p, as well
The experimental data of the PHENIX Collaboration are taken from refs. [18, [25] [26] [27] [28] . One can see again that the superposition of the improved Tsallis distribution and the inverse power-law describes the p T spectra of identified particles produced in central (0-5%) and peripheral (80-92%) Au-Au collisions at
The situation of Figure 5 is also the same as Figure  3 , but it shows the spectra for (a)-(c) π
The experimental data of the PHENIX Collaboration are taken from refs. [18, [25] [26] [27] [28] . Once more the superposition of the improved Tsallis distribution and the inverse power-law describes the p T spectra of identified particles produced in central (5-10%) and peripheral (60-92%) Au-Au collisions at √ s N N = 200 GeV. Figure 6 is the same as Figure 3 , but it shows the spectra for π + +π − , K + +K − , and p+p produced in (a) 0-5% and (b) 60-80% Pb-Pb collisions at √ s N N = 2.76 TeV. The experimental data of the ALICE Collaboration are taken from ref. [29] and measured in |η| < 0.8 for high p T region and |y| < 0.5 for low p T region. Indeed, the superposition of the improved Tsallis distribution and the inverse power-law describes the p T spectra of identified particles produced in central (0-5%) and peripheral (60-80%) Pb-Pb collisions at √ s N N = 2.76 TeV.
To study the changing tendencies of parameters, Fig Tables 1 and 2 and shown in the panels. The dashed, solid, and dotted curves are our results fitted by using the method of least squares for charged pions, kaons, and protons (antiprotons), respectively. These curves are described by the function
where the values of parameters a, b, and c, as well as χ 2 /dof are given in Table 3 . One can see that T 0 increases with the increase of √ s N N , the function describes the tendency of T 0 in most cases.
The dependence of T 0 on √ s N N obtained in the present work is inconsistent with the original blast-wave model [11, 12, 20, 22] which gives a lower T 0 at higher energy. Although the lower T 0 can be explained to a longer lifetime of the hot and dense QGP, the higher T 0 can be explained to a higher excitation degree. The present work extracted a higher T 0 in central collisions than in peripheral collisions, which is consistent with the improved blast-wave model [33] which uses sources of particle emission from a Tsallis distribution, and inconsistent with the original blast-wave model [11, 12, 20, 22 ] which uses sources of particle emission from a Boltzmann distribution. This difference can be also explained by the higher excitation degree or longer lifetime, or different 'thermometers' or 'thermometric scales' being used. From Figure 7 , one can also see the slight differences for different particles in some cases. This confirms the mass-dependent differential kinetic freeze-out scenario [14, 16] . are the same as Figure 7 , but they show the dependences of q, β T , p 0 , n, k, kN 0 , and N 0 on √ s N N , respectively, where the product kN 0 in Figure  13 represents the yield of soft excitation process. The horizontal dashed, solid, and dotted lines in Figure 8 (or Figure 12 ) represent the mean values of q (or k) over different energies for charged pions, kaons, and protons (antiprotons), respectively. The dashed, solid, and dotted curves are our results fitted by using the method of least squares for charged pions, kaons, and protons (antiprotons), respectively, though some curves do not describe the tendencies of parameters. The function for the curves in Figures 8-12 is
where Y = q, β T , p 0 , n, or k. The function for the curves in Figures 13 and 14 is
where Y = kN 0 or N 0 . The values of parameters a and b, as well as χ 2 /dof are given in Table 4 . One can see that with the increase of √ s N N , q and β T increase slightly, p 0 and k decrease slightly, n, kN 0 , and N 0 increase generally. The functions describe the tendencies of parameters in some cases, while in other cases the functions fail to describe the tendencies.
The parameter q increases slightly with the increase of √ s N N , but the dependence of q on √ s N N is not obvious. As the entropy index, q describes the degree departing from the equilibrium state or the degree of nonequilibrium. The parameters q in central and peripheral collisions are very small, which means that the two types of collisions are in the nearly equilibrium state respectively, though a slightly larger q seems to be observed √ sNN = 14.5 GeV, where NEV on the vertical axis denotes the number of events, which is usually omitted. The symbols represent the experimental data of the STAR Collaboration measured in the rapidity range |y| < 0.1 [21] . The solid curves are our results calculated by using the improved Tsallis distribution [13, 14] . Collaboration measured in |η| < 0.35 [23, 24] and scaled by different amounts shown in the panels. The solid, dotted, and dashed curves are our results calculated by using the improved Tsallis distribution [13, 14] , the inverse power-law [30] [31] [32] , and their superposition, respectively. Table 2 . Values of free parameters (T0, q, βT , k, p0, and n), normalization constant (N0), and χ 2 /dof corresponding to the curves in Figures 3-6 . Table 3 . Values of parameters (a, b, and c) and χ 2 /dof corresponding to the curves in Figure 7 . The function for the curves in Figure 7 is T0 = a( √ sNN ) b + c. Tables 1 and 2 and shown in the panels. The dashed, solid, and dotted curves are our results fitted by using the method of least squares for charged pions, kaons, and protons (antiprotons), respectively.
in central collisions. In most cases, the differences in q for different particles are not obvious.
The parameter β T increases slightly with the increase of √ s N N . Moreover, the present work also extracted a slightly larger β T in central collisions than in peripheral collisions, which is partly inconsistent with the blastwave model which gives non-zero flow velocity in central collisions and zero flow velocity in peripheral collisions [11, 12, 20, 22, 33] . The present work confirms our recent work [17] which used the alternative method and obtained a slightly larger β T in central collisions than in peripheral collisions, though the values obtained in the present work are slightly larger than those in our recent work. In our opinion, the flow is produced in the inner core of the interacting system. Even for peripheral or proton-proton collisions, there is non-zero flow velocity. From Figure 9 , one can also see the mass-dependence of β T in most cases. A heavy particle corresponds to a small β T due to its large inertia. The differences in β T for different particles decrease with the increase of √ s N N , where β T is large at high √ s N N . This reflects the fact that the mass effect can be neglected in a strong flow field.
With increasing
√ s N N , p 0 decreases in some cases and n increases obviously, their function f H (p T ) describes a wider p T range, though their tendencies seems to be opposite to each other. According to the relation n = 1/(q − 1) [14] , we know that the hard scattering process corresponds to a larger q which makes the collisions be farther away from the equilibrium state when comparing with the soft excitation process. According to the relation p 0 = T 0 /(q − 1) = T 0 n [14], we know that the hard process corresponds to a higher T 0 , which results in more violent collisions than is the soft process. This observation is a natural result. The differences in p 0 and in n for central and peripheral collisions, as well as for different particle productions, are not obvious. This reflects the fact that, in the hard process, the participant valence quarks collide deeply at the initial state where the spectator nucleons have no effect.
The relative contribution (k) of the soft excitation process decreases slightly and the relative contribution (1 − k) of the hard scattering process increases slightly with the increase of √ s N N . This is consistent with the theoretical expectation [34, 35] , and inconsistent with the extraction based on the numbers of participating nucleons and binary nucleon-nucleon collisions [36, 37] . In our opinion, at higher energy, both the participant valence quarks have more probability to approach each other and to perform interactions. Then, the hard process has more contribution to the p T spectrum. However, the participant gluons and/or sea quarks have less time to perform interactions due to the higher pass speed at higher energy, which means that the soft process contributes less to the p T spectrum. The differences in k for central and peripheral collisions, as well as for different particle productions, are not obvious. This also reflects the fact that in the hard process the participant valence quarks collide deeply at the initial state where the spectator nucleons have no effect.
Generally, the yields of the soft process and the soft plus hard processes shown in Figures 13 and 14 increase with the increase of √ s N N except for protons that saturate due to the limited proton numbers in the participant nuclei. Obviously, the yield for π ± is greater than that for K ± , and much greater than that forp. The yield for central collisions is greater than that for peripheral collisions. The yield for positive mesons is slightly greater than that for negative mesons. These tendencies of the yields are natural results due to the experimental data analyzed in the present work.
From the above discussions, in particular from Figures 7-14 and Tables 1-4 one can see that, not only for the dependence on √ s N N but also for the dependence on centrality, all the free parameters in the improved Tsallis distribution and in the inverse power-law seem to be independent of isospin. This means that electromagnetic interactions play a minor role in both the soft and hard processes.
We would like to point out that, as can be seen from Tables 1 and 2 , the model fitting is not very good in a few cases, because the values of χ 2 /dof are very large for these cases. That does not mean that the model cannot describe the particle distributions in heavy ion collisions. In fact, in most cases, we have obtained appropriate values of χ 2 /dof which imply that the model works well. The very large values of χ 2 /dof are obtained due to abnormally small errors. In the case of using a relative error being 5%, the values of χ 2 /dof are appropriate. From Tables 3 and 4 In the above discussions, we have used six free parameters, the kinetic freeze-out temperature T 0 , the entropy index q, the radial velocity flow β T , the fraction k of soft component, p 0 , and n. The meanings of the first four parameters are clear. The meanings of the last two parameters can result from the relations p 0 = T 0 /(q − 1) and n = 1/(q − 1) [14] which show that p 0 has a similar meaning to T 0 and n has an opposite meaning in comparison with q. In many cases, the mass-dependent tendencies of these parameters are not obvious because they are just from the model fittings. In addition, to obtain the mass-dependent tendencies of these parameters, we need more types of particles.
The present work shows that the interacting systems at the LHC have a higher excitation and larger expansion than those at the RHIC due to a greater en- Comparing with that at the RHIC, the transverse momentum spectrum at the LHC has a lower fraction of soft component, because the participant gluons and/or sea quarks have less time to perform interactions in the case of the heavy ions having higher pass speed at the LHC. It should be noted that the same information can be obtained from other methods, and the values for the same quantities from different methods are different. In other words, the results are model dependent. In particular, for the kinetic freeze-out temperature or the radial flow velocity, different methods can be regarded as different 'thermometers' or 'speedometers'. To make a comparison for the results obtained from different methods, we need to structure a standard method which can be used to make comparison with others. Or, we can use the alternative method in which T 0 is regarded as the intercept in the linear relation between T and m 0 [11, [18] [19] [20] , and β T is regarded as the slope in the linear relation between p T and m [15] [16] [17] .
